Abstract: The exact computation of asymptotic quasinormal frequencies is a technical problem which involves the analytic continuation of a Schrödinger-like equation to the complex plane and then performing a method of monodromy matching at the several poles in the plane. While this method was successfully used in asymptotically flat spacetime, as applied to both the Schwarzschild and Reissner-Nordstrøm solutions, its extension to non-asymptotically flat spacetimes has not been achieved yet. In this work it is shown how to extend the method to this case, with the explicit analysis of Schwarzschild de Sitter and large Schwarzschild Anti-de Sitter black holes, both in four dimensions. We obtain, for the first time, analytic expressions for the asymptotic quasinormal frequencies of these black hole spacetimes, and our results further match to previous numerical calculations with great accuracy. We also list some results concerning the general classification of asymptotic quasinormal frequencies in d-dimensional spacetimes.
Introduction
A long time has passed since research first focused on analyzing the linear stability of four dimensional black hole solutions in general relativity [1, 2] . However, it was not until very recent times that this stability problem was addressed within a d-dimensional setting [3, 4, 5] . These papers tried to be as exhaustive as possible, studying in detail the perturbation theory of spherically symmetric black holes in d-dimensions and allowing for the possibilities of both charge and a background cosmological constant. Having thus acquired a list of stable black hole solutions, the next question to address within this problem are quasinormal modes-the damped oscillations which describe the return to the initial configuration, after the onset of a linear perturbation (see [6, 7] for reviews).
Besides their natural role in the perturbation theory of general relativity, quasinormal modes have recently been focus of much attention following suggestions that they could have a role to play in the quest for a theory of quantum gravity [8, 9] . The idea is to look at those special modes which are infinitely damped, and thus do not radiate. It was suggested in [8] that an application of Bohr's correspondence principle to these asymptotic quasinormal frequencies could yield new information about quantum gravity, in particular on the quantization of area at a black hole event horizon. It was further suggested in [9] that asymptotic quasinormal frequencies could help fix certain parameters in loop quantum gravity. Both these suggestions lie deeply on the fact that the real part of the asymptotic quasinormal frequencies is given by the logarithm of an integer number, a fact that was analytically shown to be true, for Schwarzschild black holes in d-dimensional spacetime, in [10, 11] . A question of particular relevance that immediately follows is whether the suggestions in [8, 9] are universal or are only applicable to the Schwarzschild solution. Given the mentioned analysis of [3, 5] , one has at hand all the required information to address this problem and compute asymptotic quasinormal frequencies of d-dimensional black holes. A preliminary clue is already present in [11] , where the analysis of the four dimensional Reissner-Nordstrøm solution yielded a negative answer: the asymptotic quasinormal frequencies obeyed a complicated relation which did not seem to have the required form. While extending this result to both the d-dimensional and the extremal Reissner-Nordstrøm solutions did not pose great obstacles [12] , an extension of the analytical techniques in [11] to non-asymptotically flat spacetimes proves to be a greater challenge. It is the goal of this paper to carry out an extension of the techniques in [11] to non-asymptotically flat spacetimes, with the explicit analysis of Schwarzschild de Sitter and large Schwarzschild Anti-de Sitter black holes, both in four dimensions. The detailed study of these solutions in d-dimensions will appear elsewhere [12] , including charged solutions in asymptotically de Sitter and asymptotically Anti-de Sitter spacetimes, as well as an analysis of the implications of our results on what concerns the proposals of [8, 9] , dealing with the application of quasinormal modes to quantum gravity.
It is important to stress that even if the ideas in [8, 9] turn out not to be universal, it is still the case that quasinormal frequencies will most likely have a role to play in the quest for a theory of quantum gravity. Indeed, quasinormal frequencies can also be regarded as the poles in the black hole greybody factors which play a pivotal role in the study of Hawking radiation. Furthermore, the monodromy technique introduced in [11] to analytically compute asymptotic quasinormal frequencies was later extended, in [13] , so that it can also be used in the computation of asymptotic greybody factors. It was first suggested in [13] that the results obtained for these asymptotic greybody factors could be of help in identifying the dual conformal field theory which microscopically describes the black hole, and these ideas have been taken a step forward with the recent work of [14] . It remains to be seen how much asymptotic quasinormal modes and greybody factors can help in understanding quantum gravity.
Let us conclude this introduction with some generics concerning quasinormal frequencies (we refer the reader to the upcoming [12] for a full list of conventions and details). Later, in section 2, we shall compute asymptotic quasinormal frequencies for a Schwarzschild de Sitter black hole in four dimensional spacetime. Our results will also be shown to match earlier numerical computations with great accuracy. In section 3, we shall study large Schwarzschild Anti-de Sitter black holes in four dimensions, and analytically compute their asymptotic quasinormal frequencies. Again, our results match earlier numerical computations to great accuracy. We end with some comments concerning the general classification of asymptotic quasinormal frequencies in d-dimensional spacetimes [12] .
For a four dimensional Schwarzschild black hole, one has the asymptotic quasinormal frequencies
where the real part of the offset is the frequency of the emitted radiation, and the gap are the quantized increments in the inverse relaxation time. Here, the gap is given by the surface gravity. One can try to extend this analysis to more general situations and also include spacetimes with two horizons, but then generic results become much harder to obtain [15, 16, 17, 18] . We shall take the time dependence for the perturbation to be e iωt , so that Im(ω) > 0 for stable solutions. There is also a reflection symmetry ω ↔ −ω which changes the sign of Re(ω). In this case, our quasinormal mode conventions are the following (see [12] for a full list of conventions in d-dimensions). The perturbation master equations of [3, 5] can be cast in a Schrödinger-like form as
where the potential will vary according to the specific case at hand. The boundary conditions are the usual: incoming waves at the black hole horizon and outgoing waves at infinity (or at the cosmological horizon, for the asymptotically de Sitter case) 1 . These can be written as
where x is the tortoise coordinate. Indeed, if the metric is chosen as
, with parameters M = µ for the black hole mass and Λ = 3λ for the background cosmological constant, then at any (event or cosmological) horizon, f (R H ) = 0. One can expand near the horizon f (r) ≃ (r − R H )f ′ (R H ) + · · · , and it follows for the tortoise
locally near the chosen horizon. Here k H is the surface gravity and T H is the Hawking temperature.
Asymptotically de Sitter Spacetimes
[5] discusses the stability of black holes in asymptotically de Sitter (dS) spacetimes to tensor, vector and scalar-type perturbations of the metric and the electromagnetic field. For black holes without charge, which is the case we shall focus on, tensor and vector-type perturbations are stable in any dimension. Scalar-type perturbations are stable up to dimension six but there is no proof of stability in dimension d ≥ 7. As we shall work in four dimensions, we are guaranteed a stable solution. Quantization in dS space was first addressed in [19] . These authors found that the cosmological event horizon is stable, but also that there is an isotropic background of thermal radiation. Analysis of the wave equation in dS space also led to the natural boundary conditions on quasinormal modes: incoming waves at the black hole horizon and outgoing waves at the cosmological horizon. The Schwarzschild dS solution in dimension d = 4 has parameters µ and λ > 0, with metric
The potentials to be used in the master equation (1.1), describing the evolution of scalar, electromagnetic and gravitational fields, can be followed through the Klein-Gordon, Maxwell and Einstein equations, respectively. They will necessarily depend on the specific field under consideration and are as follows. For scalar perturbations [20] 
while for electromagnetic perturbations [21] 
The gravitational perturbations decompose into two sets, the odd and the even parity one [21] . For the odd parity perturbations one has (these are the vector-type gravitational perturbations)
while for the even parity perturbations (these are the scalar-type gravitational perturbations),
. In all cases, we have denoted by ℓ the angular momentum quantum number, which yields the multipolarity of the field. These are the potentials we shall use in the following.
To simplify the calculation, we choose the radius of the black hole to be our length unit. The radius of the cosmological horizon will then be an adimensional quantity R > 1. In this case, it is easily seen that the warp factor must be of the form
and consequently the black hole's parameters will be given in our units by
.
The (complex) tortoise coordinate which vanishes at the origin is
,
, are the surface gravities at the black hole horizon r = 1, the cosmological horizon r = R and the fictitious horizon r = −R − 1. Notice that we take the surface gravity at the cosmological horizon to be negative. As in [11] , we notice that although x has a ramification point at each horizon, Re(x) is well defined and we can look at the Stokes line Re(x) = 0. Since x(0) = 0, this curve contains the origin and its singular points are given by
For r ∼ 0 one has f (r) ∼
−2µ
r and hence
Consequently the Stokes line is given by r = ρe ± iπ 4 , ρ ∈ R in a neighborhood of the origin. On the other hand, for r ∼ ∞ one has f (r) ∼ −λr 2 , and thus
Notice that in particular x has no monodromy at infinity, and hence
Thus we can choose the three ramification lines of x to cancel each other off, and x 0 is well defined. Using the expression for x with an appropriate choice of ramification line in each logarithm, one can compute the real part of x 0 , which is not zero. Therefore the Stokes line cannot extend all the way to infinity and the four lines starting out at the origin must thus connect among themselves. Studying the behavior of Re(x) near the horizons, it is not hard to guess that the Stokes line is as indicated in figure 1 . This guess is moreover verified by a numerical computation of the same Stokes line, indicated in figure 2.
Im contour Stokes line Since for r ∼ 0 the presence of the cosmological constant is irrelevant, we expect the potential to behave as in the Schwarzschild black hole, and this is indeed the case:
where j = 0 for scalar fields and scalar-type gravitational perturbations, j = 1 for electromagnetic perturbations and j = 2 for vector-type gravitational perturbations. Correspondingly, for x ∼ 0 the complexified solution of the Schrödinger-like equation is of the form
where J ν represents a Bessel function of the first kind and A ± are (complex) integration constants. For the asymptotic quasinormal modes one has Im(ω) ≫ Re(ω), and hence ω is approximately purely imaginary. Consequently in a neighborhood of the origin one has ωx ∈ R + for r = ρe iπ 4 , ρ ∈ R, and ωx ∈ R − for r = ρe 
we see that
for r = ρe iπ 4 , ρ ∈ R − , where
For z ∼ 0 one has the expansion
where w(z) is an even holomorphic function. Consequently, as one rotates from r = ρe
and hence
for r = ρe −iπ 4 , ρ ∈ R − . As one would expect, this completely parallels the computation for the Schwarzschild solution in [11] . Next we compute the monodromy of the solution at infinity. For r ∼ ∞ we have
Consequently, either
for r ∼ ∞; in any case, Φ is holomorphic and hence the monodromy of Φ at infinity is equal to one. If Φ corresponds to a quasinormal mode, its monodromy around r = 1 must be the same as the monodromy of e iωx , that is, e 
For this term to have the required monodromy we must impose
Similarly, for the term in e −iωx we get the condition
The condition for these equations to have nontrivial solutions (A + , A − ) is then 2 Here ω 2 = ω 2 + λℓ(ℓ + 1) for the electromagnetic and odd parity perturbations, and
for the even parity perturbations.
As in the Schwarzschild case, this equation is automatically satisfied for j = 0. This is to be expected, as for j = 0 the Bessel functions J ± j 2 coincide and do not form a basis for the space of solutions of the Schrödinger-like equation near the origin. As in [11] , we consider this equation for j nonzero and take the limit as j → 0. This amounts to writing the equation as a power series in j and equating to zero the first nonvanishing coefficient, which in this case is the coefficient of the linear part. Thus, we just have to require that the derivative of the determinant above with respect to j be zero for j = 0. This amounts to
from where we obtain our final result as
Notice that if ω is a solution of this equation then so is −ω, as must be the case with quasinormal modes. To recover the Schwarzschild quasinormal frequencies we first write out the equation as 
which is exactly the equation obtained in [10, 11] . Therefore, the Schwarzschild black hole is not a singular limit of the Schwarzschild dS black hole as far as the quasinormal modes are concerned, unlike what happens with the Reissner-Nordstrøm black hole solution. The reason for this is clear from the monodromy calculation: whereas the structure of the tortoise near the singularity r = 0 in the ReissnerNordstrøm solution depends crucially on whether the charge is zero or not, in the Schwarzschild dS case it does not depend on λ. Thus, as R → +∞, the cosmological horizon approaches the point at infinity and the contour approaches the contour used in [11] . For j = 1 one has α + = π 2 , α − = 0 and hence the condition for the quasinormal frequencies is
with the solutions
Again, as R → ∞ one obtains the Schwarzschild result, ω = ni 2 . Finally, for j = 2 one has 2α ± = π 2 ± π, 4α ± = π ± 2π, and consequently the quasinormal frequencies are the same as in the j = 0 case, for which 2α ± = π 2 , 4α ± = π. Let us now review the literature concerning asymptotic quasinormal frequencies in the Schwarzschild dS spacetime, so that we can compare our results to what has been previously accomplished on this subject. First of all, it is possible to prove, without computing explicitly the quasinormal frequencies, that j = 0 and j = 2 perturbations must have the same quasinormal spectra [22] , and so this is a consistency check on our results. For Schwarzschild dS, early results on quasinormal modes were studied in [23] , without great emphasis on the asymptotic case. The first analytical results in d = 4 were derived in the near-extremal situation, where event and cosmological horizons are nearly coincident [24] , but the approximation used therein is not expected to hold in the asymptotic limit, at least on what concerns the real part of the asymptotic frequencies. Further approximations were studied in [25] , in a limit where the black hole mass is much smaller than the spacetime radius of curvature, but focusing explicitly on the time dependent transient situation. An attempt at an analytic solution for the asymptotic quasinormal frequencies, using the monodromy technique of [11] , was done in [26] . However, an erroneous identification of the relevant contours led these authors to an incorrect result (see also [27] , where other arguments were given trying to explain the failure of [26] to reproduce available numerical data). Perhaps the most thorough analytical work on Schwarzschild dS asymptotic quasinormal frequencies to date is the one in [18] . These authors find that because there are two different surface gravities, there are also two possible results, namely Im (ω) equally spaced with spacing dependent on k H or Im (ω) equally spaced with spacing dependent on k C . It was further claimed in [18] that this lack of consensus on quasinormal frequencies was due to the fact that there is no global definition of temperature in this spacetime. Our results show that the final answer will be more complicated than this.
Besides the mentioned works, there are also numerical results available, and this is where our comparisons prove to be most conclusive. In [28] the asymptotic quasinormal frequencies for electromagnetic and gravitational perturbations of nearly extremal Schwarzschild dS spacetimes were studied. It turned out that, for gravitational perturbations, the real part of the asymptotic quasinormal frequencies has an oscillatory behavior as plotted against its imaginary part. We plot the same figure as in [28] , using our final result (2.5), in figure 3. This figure corresponds to the roots of (2.5) for a near extremal black hole with k H = 10 −3 , and should be compared to figure 4 in [28] which refers to the same value of k H . One immediately observes agreement to large accuracy: first, the oscillation period is exactly the same. Second, the value of max (Re(ω)) in [28] is of the same order as our maximum, but always larger than it, as it must be since our value refers to the asymptotic regime only. Moreover, and on what concerns j = 1 electromagnetic perturbations, the numerical data in [28] is very clear and indicates that the real part of the asymptotic quasinormal frequencies should vanish, and this is precisely what we have obtained. Further numerical results have recently been obtained in [29] , this time around without any near extremality constraints. Again, for the gravitational perturbations, the real part of the asymptotic quasinormal frequencies was found to have an oscillatory behavior. Also, for electromagnetic perturbations, the real part of the asymptotic quasinormal frequencies was found to vanish. Our analytical results still agree very well with the numerics: we are able to reproduce the basic features of figure 2 in [29] , with the exception that we also find modes with a zero real part. This should not be cause for concern as it is known to be highly difficult to numerically obtain modes with a vanishing real part. On what concerns the j = 1 perturbations of [29] , we obtain exactly what they have found. 3. Asymptotically Anti-de Sitter Spacetimes [5] discusses the stability of black holes in asymptotically Anti-de Sitter (AdS) spacetimes to tensor, vector and scalar perturbations of the metric and the electromagnetic field. For black holes without charge, which is the case we shall focus on, tensor and vector perturbations are stable in any dimension. Scalar perturbations are stable in dimension four but there is no proof of stability in dimension d ≥ 5. As we shall work in four dimensions, we are guaranteed a stable solution. Quantization of scalar field in AdS was first addressed in [30] . An important theme concerned boundary conditions: because AdS light rays can reach spatial infinity and return to the origin in finite time, as measured by the observer at the origin, one could expect for reflecting boundary conditions at the AdS walls. However, these walls are at timelike spatial infinity. As it turns out, the sensible boundary conditions to impose on quasinormal modes include the usual incoming waves at the black hole horizon and then vanishing of the fields at infinity (i.e., at the boundary of AdS). The Schwarzschild AdS solution in dimension d = 4 has parameters µ and λ < 0, with metric
The potentials to be used in the master equation (1.1) are the same as before. Also, in the following we shall focus on scalar field perturbations. Again, to simplify the calculation we choose the radius of the black hole to be our length unit. The length scale determined by the cosmological constant will then be an adimensional quantity R, with λ = − 1 R 2 . It is then easily seen that the warp factor must be of the form
and consequently the black hole mass will be given in our units by
where
For simplicity, we shall consider quasinormal modes for large black holes only, in which R ≪ 1. This serves our purpose of illustrating how the techniques in [11] are generalized for asymptotically AdS spacetimes, whereas the full case is carefully analyzed in [12] . For these large black holes we have, approximately,
and consequently
The (complex) tortoise coordinate which vanishes at the origin is therefore
We now wish to examine the Stokes line, i.e., the curve Im(ωx) = 0. However, this time around, the expression of the tortoise makes it clear that Im(ωx) is a multivalued function. To bypass this problem, we choose a particular branch and simply trace out the curve shifting the ramification lines so that it never hits them. Note that the behavior of e ±iωx will still be oscillatory along the curve. Again the Stokes line has a unique singular point at the origin, where four lines meet, as
for r ∼ 0. To understand its behavior near the singularities, we notice that following our procedure, the curve Im (α log(z)) = 0 is the curve α log(z) = ρ ⇔ z = e ξρ e iηρ (with α = 1 ξ+iη and ρ ∈ R a parameter). This is a spiral that approaches the singularity z = 0, except in the case where ξ = 0, i.e., when α is purely imaginary. Therefore, generically one expects the Stokes line to hit all three singularities, and hence the fourth line starting out at the origin must extend all the way to infinity. For r ∼ ∞ we have
In particular, x has no monodromy at infinity, as can also be seen from its expression and the fact that
We can therefore choose the three ramification lines of x to cancel each other off, making x 0 well defined 3 . Using the expression for x with appropriate choice of ramification line in each logarithm, one then obtains
Therefore we must have
For such a value of ω and our choice of ramification lines, it is easily seen that ωx is real for r = ρe or r = ρe
Consequently, it is not hard to guess that the Stokes line is as depicted in figure 4 . We have verified this guess with a numerical computation of the same Stokes line, and this is indicated in figure 5 . It should be noted that due to the ramification lines (which can be readily identified in the figure) the spirals at the singularities are not so clearly depicted in the numerical result. Now, for r ∼ ∞ we have
Consequently,
for r ∼ ∞. The boundary condition Φ = 0 at r = ∞ requires that B − = 0. Hence,
for r ∼ ∞. Now, and as in the Schwarzschild dS case, for r ∼ 0 the presence of the cosmological constant is irrelevant, and the potential behaves as in the Schwarzschild black hole, 
where A ± are (complex) integration constants. One has ωx ∈ R + for r = ρe iπ 3 , ρ ∈ R, and ωx ∈ R − for r = ρe − iπ 6 , ρ ∈ R. From the asymptotic expansion for J ν (z), with z ≫ 1, we see that
for r = ρe iπ 3 , ρ ∈ R + , where
The same expansion yields
in the same limit, since
We conclude that A + , A − must satisfy
Again for z ∼ 0 one has the expansion
for r = ρe −iπ 6 , ρ ∈ R + . This form of the solution can be propagated along the corresponding branch of the Stokes line which approaches the event horizon, and where we know that Φ(x) must behave as e iωx . Consequently we obtain the second condition on A + , A − , as Again, this equation is automatically satisfied for j = 0. We must thus consider j nonzero and then take the limit as j → 0. This amounts to writing the equation as a power series in j and equating to zero the first nonvanishing coefficient, which in this case is the coefficient of the linear part. Thus we just have to require that the derivative of the determinant above with respect to j be zero for j = 0. This is in complete agreement with available numerical results, as we shall see in the following (recall that we have taken the radius of the black hole horizon as our length unit). We now need to review the literature concerning the calculation of asymptotic quasinormal frequencies in the Schwarzschild AdS spacetime, in order to compare our results to earlier work done on this subject. Quasinormal modes of Schwarzschild AdS black holes were addressed in [20] , having a direct interpretation in terms of the dual conformal field theory, as large static AdS black holes correspond to conformal field theory thermal states. However, for what concerns us in this paper, only the first modes were computed in [20] . Due to the AdS/CFT correspondence, this work sparkled a series of investigations on AdS asymptotic quasinormal frequencies, which naturally concentrated in the five dimensional case (see, e.g., [31, 32, 33, 34] ). For the case that concerns us in here, d = 4, the first numerical results for the asymptotic quasinormal frequencies were published in [35] . These authors found that scalar perturbations are isospectral with both odd and even parity gravitational perturbations, and they also found the existence of modes with purely imaginary frequency. Later, an extensive study of asymptotic quasinormal frequencies for Schwarzschild AdS black holes in d = 4 was done in [36] , and numerically produced a number which exactly matches our analytical prediction. While the authors of [36] found that the real part of the frequency mode increases with the overtone number, n, in what seems to be a characteristic particular to
